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The glueball-quarkonia mixture decay amplitude has been evaluated, in the literature, by dia-
grammatic techniques for drawing quark lines and the quark-gluon vertex. In this paper we use an
alternative approach which consists in a mapping technique, the Fock-Tani formalism, in order to
obtain an effective Hamiltonian starting from microscopic interactions. An extra effect is present
in this formalism associated to the extended nature of mesons: bound-state corrections, which in-
troduces an additional decay amplitude and sets a fine-tuning procedure for general meson decay
calculations. The f0(1500) → pipi channel shall be considered as numerical example of the procedure.
PACS numbers: 11.15.Tk, 12.39.Jh, 13.25.-k
I. INTRODUCTION
The gluon self-coupling in QCD opens the possibility
of existing bound states of pure gauge fields known as
glueballs. Glueballs are predicted by many models and
by lattice calculations. Many mesons have stood up as
good candidates for the lightest glueball in the spectrum
and in particular the scalar sector seems promising. In
the scalar sector it is expected the mixing of glueball
states with nearby quark-antiquark states (for a review
see [1–3]). Another motivation is the new generation of
experiments that will focus on the search for exotic states.
In particular we expect the PANDA experiment at FAIR
to establish the existence of glueballs [4]. We also ex-
pect that the GlueX and CLAS12 experiments can help
us determine the structure of scalar resonances and en-
able one to obtain conclusive evidence of the existence of
glueballs.
The mass of low-lying scalar glueball is expected by
lattice calculation to be in the range of 1.5− 1.8 GeV [5–
11] and recently the glueball spectrum and the radiative
decay of J/Ψ from unquenched lattice QDC and exper-
imental data was considered to study the scalar glue-
ball in Ref. [12]. The most feasible glueball candidates
are scalars f0(1370), f0(1500) and f0(1710) [13]. The
scalar sector has been studied for a long time, but there
is no agreement about the glueball content of f0(1370),
f0(1500) and f0(1710) [14–18].
In the lowest order, it is expected that a mixture of the
scalar glueballG and quarkonia states nn¯ = (uu¯+dd¯)/
√
2
and ss¯ should exist. There are three eigenstates |f0(M)〉
with physical masses M given by
|f0(M)〉 = c1 |nn¯〉+ c2 |ss¯〉+ c3 |G〉. (1)
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with the following normalization condition
∑3
i=1 c
2
i = 1.
In the literature these parameters have been adjusted to
those of the observed resonances f0(1370), f0(1500) and
f0(1710) [18–20].
Recently this matter has been discussed in several pa-
pers where models are used to investigate the structure
of these scalars. For example, scalar meson photoproduc-
tion was calculated at GlueX energies [21], these results
could provide novel tests for our understanding of the
nature of the scalar resonances. In another calculation,
exclusive production of glueballs at high energies was per-
formed for the scalar sector [22], where sufficiently large
cross sections were found, feasible for experimental mea-
surement. In Ref. [23] the authors used an effective non-
linear chiral Lagrangian to study the f0(1370) structure.
In their results they obtained that f0(1370) was predomi-
nantly quark-antiquark state with substantial ss¯ content.
Resonances f0(1370), f0(1500) and f0(1710) were also
studied in a Linear Sigma Model [24, 25], where it was
shown that f0(1370) was predominantly quark-antiquark
state, f0(1500) was predominantly ss¯ state and f0(1710)
is a glueball. The authors in Ref. [26] calculated the de-
cay rates for scalar glueballs in a Witten-Sakai-Sujimoto
model and suggest the f0(1710) as the scalar glueball.
Monte Carlo simulation and phenomenological studies
were used to study glueballs in Ref. [27], in the scalar sec-
tor their results shown that f0(1710) is not a pure scalar
glueball. A phenomenological study of B semi-inclusive
decay were performed in Ref. [28] where they found that
f0(1710) is mainly scalar glueball.
In the experimental point of view there are uncertain-
ties in the scalar sector for example the f0(1710), first
discovered by Crystal-Ball in radiative J/ψ decays into
ηη was consistent with a dominant ss¯ assignment and
confirmed by WA102 which reported a much stronger
coupling to KK¯ than to ππ which spoiling the pure glue-
ball picture. But the BES Collaboration suggests the
existence of an other resonance with mass around 1790
2MeV which has a strong f0(1790) → ππ decay but no
corresponding signal for decays to KK¯ [29]. Another
problem is low data statistics in processes which provide
important results that can be compared with theoretical
models that could provide crucial information about the
constituent scalar content.
In this work we will apply a mapping technique known
as the Fock-Tani formalism to describe the strong de-
cay of the scalar resonances. This formalism has been
developed in hadron physics to deal with scattering of
composite particles with constituent interchange [30, 31]
and has been extended recently to composite meson de-
cay [32]. The novel feature was the presence of bound-
state corrections in the decay amplitude. In the present
we shall evaluate the effect of the bound-state correction,
originated from the Fock-Tani formalism, in a quark-glue
mixture for a state as the one defined in Eq. (1). As
a simple numerical example we shall the impact of this
fine-tuning in a particular decay channel, f0(1500)→ 2π,
shall be considered.
II. FOCK-TANI FORMALISM FOR MIXTURES
In the Fock-Tani formalism, the starting point is the
definition of the composite meson creation operator F †.
This operator is written in a second quantization nota-
tion, but differently than in references [30–32] a simple
definition in terms of the elementary constituents is not
possible. The presence of a quark-gluon mixture implies
in a two step procedure in order to establish the precise
meaning of the composite particles present in the the-
ory. First, an operator that creates quark-antiquark QQ¯
bound-state meson can written as
M †α = Φ
µν
α Q †µ Q¯ †ν (2)
Φ is the bound-state wave-function and Q†(Q¯†) is the u,
d, s quark (antiquark) creation operator. In the com-
pact notation, where sum (integration) is implied over
repeated indexes, (µ, ν) are the set of momentum, spin,
color, flavor for quark and antiquarks; the α index is the
meson’s set of quantum numbers. In an explicit form, the
quarkonia and strangeonia components of Eq. (2) can be
separated as follows
M †α = Φ
µν
α Q †µ Q¯ †ν = a1 ϕµνα q†µq¯†ν + a2 Υµνα Q†µQ¯†ν
≡ a1N †α + a2 S†α (3)
where c1 and c2 are the quark sector mixing parameters.
The next step is the definition of the glueball creation
operator, written as a two-gluon bound-state
G†α =
1√
2
Ψµνα a
†
µa
†
ν , (4)
Ψ is the bound-state wave-function and a† is the gluon
creation operator. It is clear from this procedure that
M †α holds the fermionic components, which is separated
from a purely bosonic constituents in G†α. The last step,
is the definition of F †, consistent with Eqs. (1)-(4). The
simplest choice is a linear combination of operators M †
and G†
F †α = b1M
†
α + b2G
†
α (5)
The gluon, quark and antiquark operators in the for-
mer equations satisfy the following canonical relations,
[aµ, a
†
ν ] = δµν ; {qµ, q†ν} = {q¯µ, q¯†ν} = δµν ,
{Qµ, Q†ν} = {Q¯µ, Q¯†ν} = δµν , (6)
all other (anti)commutators are zero. The composite op-
erators N , S and G in Eqs. (3)-(5) have non-canonical
commutators
[Nα, N
†
β ] = δαβ −Nαβ ; [Sα, S†β ] = δαβ − Sαβ
[Gα, G
†
β ] = δαβ + Gαβ (7)
where
Nαβ = ϕ∗µνα ϕµσβ q¯†σ q¯ν + ϕ∗µνα ϕρνβ q†ρqµ
Sαβ = Υ∗µνα Υµσβ Q¯†σQ¯ν +Υ∗µνα Υρνβ Q†ρQµ
Gαβ = 2Ψ∗µγα Ψγρβ a†ρaµ. (8)
The presence of Nαβ , Sαβ and Gαβ in Eq. (7) reflects
the composite nature of the meson. In the Fock-Tani
formalism, the physical particles are replaced by “ideal
particles” and F † must be replaced by a new creation
operator
f †α = c1 n
†
α + c2 s
†
α + c3 g
†
α , (9)
where canonical relations are satisfied:
[nα, n
†
β] = δαβ ; [sα, s
†
β] = δαβ ; [gα, g
†
β ] = δαβ .
To obtain Eq. (9), the Fock-Tani formalism requires the
definition of a unitary transformation U that maps the
composite state onto an ideal state, i.e.,
U−1N †α |0〉 = n†α |0〉 ; U−1 S†α |0〉 = s†α |0〉
U−1G†α |0〉 = g†α |0〉. (10)
The mapping (10) is achieved when one writes U =
exp(tF) and the parameter t assumes the value of −π/2.
The operator F is the generator of the transformation
given by
F = FN + FS + FG , (11)
where FN , FS and FG are defined as
FN = n†α N˜α − N˜ †α nα ; FS = s†α S˜α − S˜†α sα
FG = g†α G˜α − G˜†α gα. (12)
The operators N˜ , S˜ and G˜ are expansions in powers of
the wave-function, with the following conditions
[N˜α, N˜
†
β] = δαβ +O(ϕn+1)
[S˜α, S˜
†
β ] = δαβ +O(Υn+1)
[G˜α, G˜
†
β ] = δαβ +O(Ψn+1) . (13)
3It is easy to see from Eq. (12) that F† = −F , which
ensures that U is unitary. The operators N˜α, S˜α and
G˜α are determined up to a specific order n consistent
with Eq. (13). The examples studied in [31] required the
determination in the quark sector, for example, N˜
(i)
α , up
to order 3 as shown below
N˜ (0)α = Nα ; N˜
(1)
α = 0 ; S˜
(2)
α =
1
2
Nαβ Nβ
N˜ (3)α =
1
2
N †β [Nα,Nαβ ] Nγ . (14)
In the glueball mapping, the transformed operators are
similar to the meson’s and details are described in [33].
By the former discussion it is trivial to show that the
mixed meson F † is also mapped onto the ideal sector
|α ) = U−1 F †α |0〉 = f †α |0〉. (15)
Applying the Fock-Tani formalism to a microscopic
Hamiltonian H gives rise to an effective interactionHFT ,
HFT = U−1HU . (16)
To find this Hamiltonian we have to calculate the trans-
formed operators for quarks, antiquarks and gluons by
a technique known as the equation of motion technique
described in references [31, 32]. The Fock-Tani formal-
ism is a general theoretical framework, limited by the
choice of the microscopic Hamiltonian, which in many
cases is defined by phenomenological assumptions. In
the quark sector, for example, a very successful approach
is a pair production Hamiltonian that regards the decay
of an initial state meson in the presence of a qq¯ pair cre-
ated from the vacuum. The pair is obtained from the
non-relativistic limit of the interaction Hamiltonian Hqq¯
involving Dirac quark fields [32, 34]
Hqq¯ = gqq¯
∫
d~x ψ¯(~x)ψ(~x). (17)
The procedure to obtain an effective bound-state cor-
rected Hamiltonian from the 3P0 interaction (17) after
the Fock-Tani mapping was described in [32] and called
the C 3P0 Hamiltonian,
HC3P0 = −Φ∗ρξα Φ∗λτβ Φµνγ V m†αm†βmγ . (18)
where in Eq. (18) m is an generic ideal meson (n or s);
the potential V is a condensed notation for
V = Vµν
[
δµλδνξδωρδστ − 1
2
δσξ δλω ∆(ρτ ;µν)
+
1
4
δσξ δλµ ∆(ρτ ;ων) +
1
4
δξν δλω ∆(ρτ ;µσ)
]
(19)
while the pair creation potential Vµν is given by
Vµν ≡ 2mq γ δ(~pµ + ~pν) u¯sµfµcµ(~pµ) vsνfνcν (~pν),(20)
with gqq¯ = 2mq γ. It should be noted that since Eq. (17)
is meant to be taken in the non-relativistic limit, Eq. (20)
should be as well. The bound-state kernel ∆ in (19) is
defined as
∆(ρτ ;µσ) = Φρτα Φ
∗µσ
α . (21)
The physical implications of (19) and (21) were discussed
in detail in reference [32].
The glue sector is not covered by the former discus-
sion and a consistent map implies that the microscopic
Hamiltonian must contain the quark-gluon vertex. In
different approaches, the glueball is pictured as a non-
relativistic bound-state of two constituent gluons, where
decay proceeds by the conversion of these gluons into qq¯
pairs, again the interaction vertex is the crucial ingre-
dient. An elementary interaction vertex used in [17] is
given to lowest order in the non-relativistic limit by
V
(1)
(aiql q¯k)
= gG (~σ(lk) · ~ǫi) 1(lk)F
(
1
2
8∑
b=1
λb(lk)A
b
i
)
(22)
where the vertex in Eq. (22) is multiplied by an overall
momentum conservation δ(~ki−~pl−~pk), with the internal
momenta ~ki for gluon i = 1, 2 and ~pl(k) for the quarks
with label l = 1, 3 (k = 2, 4). The identity operator 1
(lk)
F
projects onto a flavor singlet state of the created qq¯ pair
(lk). The last term in Eq. (22) is the color part of the
interaction vertex with the Gell-Mann matrices λb acting
in color space of (lk). The color octet wave-function of
the gluon i with polarization vector ~ǫi is denoted by A
b
i .
An effective second order amplitude with a four quark-
antiquark and two gluon operator structure of the type
V
(2)
(aiql q¯k)
∼ (q†q¯† a) (q†q¯† a ) (23)
can be obtained from Eq. (22). This is a required as-
sumption that guarantees, in the glue sector of f0, that
after the Fock-Tani transformation, the ideal glueball g
decays to ideal mesons m [33]. The effective Hamiltonian
HG is obtained from Eq. (23), in lowest order,
HG = U−1 V (2)(aiqlq¯k) U
≈ VI Φ∗µρβ Φ∗νηδ Ψτξα m†βm†δ gα (24)
with
VI ≡ δ¯2 αs
8
√
2π2
λbτλbξ√
ω~pτω~pξ
Πµ ν(Pτ )Πη ρ(Pξ) (25)
where αs = g
2
G/(4π), Πµ ν(Pτ ) = ~σµν · ~ǫ(Pτ ), P is the
gluon’s polarization vector and δ¯2 = δ(~pµ+~pν−~pτ )δ(~pσ+
~pρ − ~pξ).
The wave-function of the f0 meson has quark-anti-
quark and glueball components. The quark-antiquark
sector wave-function ϕ (and/or Υ) is written as the fol-
lowing product
ϕµνα = χ
sµsν
Sα
Ccµcν ξfµfν ϕ ~pµ~pν~Pα , (26)
4χ is the spin contribution (Sα is the meson’s spin); C is
the color component; ξ is the flavor part and the spatial
wave-function is
ϕ
~pµ~pν
~Pα
= δ(3)(~Pα − ~pµ − ~pν)
(
1
πβ2q
) 3
4
e
− 1
8β2q
(~pµ−~pν)
2
.(27)
The glueball wave-function Ψ has a similar structure to
(26) and (27) with the parameter βq replaced by βg and
with the flavor part absent in (26). In our example, the
final state wave-function Φ is for pions, where again the
form written in Eqs. (26) and (27) shall be used with the
following substitution βq → βπ.
To determine the decay rate, we define the initial and
final states by |i〉 = f †α|0〉 and |f〉 = m†βm†γ |0〉. The
matrix element between these states is
〈f | (HC3P0 +HG) | i〉 = δ(~pα − ~pβ − ~pγ)hfi, (28)
where the decay amplitude hfi can be written as
hfi = c1 h
nn¯
fi + c2 h
ss¯
fi + c3 h
g
fi, (29)
where in Eqs. (9) and (29) the following was considered:
c1 = b1a1, c2 = b1a2 and c3 = b2. This assumption is
consistent with Eq. (1) and the normalization condition
on ci.
Ψ
Φ
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Φ
∗
Φ
Φ
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Vqq¯
FIG. 1. Fock-Tani amplitude is a mixture of a glueball decay
into mesons (upper) and the meson decay (lower).
Vqq¯
Bound-state correctionΦ
Φ
∗
Φ
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Φ
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Φ
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Bound-state correctionΦ
Φ
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Φ
∗
Φ
∗
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FIG. 2. Fock-Tani bound-state correction amplitudes to the
qq¯ pair creation. There is no correction to the glueball ampli-
tude.
III. NUMERICAL EXAMPLE
In our example we shall study the following decay chan-
nel f0(1500)→ 2π. The amplitudes obtained are
hnn¯fi = γ [b1(p) e1(p)− b2(p) e2(p)] Y00
hss¯fi = 0
hgfi = αs b3 Y00 (30)
where Y00 is the spherical harmonic and
b1(p) =
32
π1/4
√
2
3
β5/2q
3β2π(2β
2
q + β
2
π)− (β2q + β2π) p2
2
(
2βq
2 + βπ
2
)7/2
b2(p) =
32
π1/4
√
2
3
β5/2q
3β2π(4β
2
q + 3β
2
π)− 4(β2q + β2π) p2
3
(
4β2q + 3β
2
π
)7/2
b3 =
4
√
2
9 π9/4
β1/2g β
2
π
(3β2g − 2β2π)
(β2g + 2β
2
π)
2
e1(p) = exp
(
− p
2
8βq
2 + 4βπ
2
)
e2(p) = exp
(
−
(
4βq
2 + 5βπ
2
)
p2
4βπ
2
(
4βq
2 + 3βπ
2
)
)
(31)
The second term in hnn¯fi is the bound-state correction for
the light quark sector. If one sets b2(p) = 0, the bound
state correction is turned off.
The hfi decay amplitude can be combined with a rel-
ativistic phase space to give the differential decay rate
[34]
dΓα→βγ
dΩ
= 2π
PEβEγ
Mα
|hfi|2 = 2π PE
2
π
Mf0
|hfi|2, (32)
5TABLE I. Comparison of the decay rates in the 3P0 and C
3P0
models
Γ (MeV)
Model c1 c2 c3
3P0 C
3P0
A 0.43 -0.61 0.61 37.6 41.2
B 0.40 -0.90 0.19 19.8 22.3
C 0.31 -0.58 0.75 30.1 32.5
which after integration in the solid angle Ω gives rise to
the decay rate, a usual choice for the meson momenta is
made: ~Pf0 = 0 (P = |~Pπ|). The experimental value for
this decay channel is Γexp = 38.04 ± 2.51 MeV [13]. The
meson masses assumed in the numerical calculation have
standard values ofMπ = 138 MeV andMf0 = 1505 MeV.
There are two other sets of parameters, the first is the
pair of coupling constants γ and αs; the second are three
wave-function widths βπ, βq and βg. The value of qq¯
coupling can be extracted from light meson, γ = 0.5 [34].
The parameter αs is the quark-gluon coupling, which is
assumed to be fixed at the usual value 0.6. The quark
sector widths are in the range of 0.3 - 0.4 GeV [34]. For
the pion, we shall fix βπ = 0.4 GeV. The parameter βq is
from the quark sector of f0(1500) and is chosen close, but
slightly smaller than the pion’s value βq = 0.3 GeV. This
leaves only one actually free parameter, the glueball’s
width βg, that should be adjusted. The best fit of Γ
to the range of the experimental value results in βg the
order of 1.6 GeV. The mixing parameters ci used are from
Ref. [17] where three models (A, B and C) are studied
in detail. A comparison is shown in table (I).
In conclusion, we have showed that the Fock-Tani for-
malism applied to meson decay with mixing is a promis-
ing approach and it exhibits bound-state corrections to
the decay amplitude. This extends the OZI-allowed de-
cays beyond the ordinary 3P0 approach. Even though
the choice of the microscopic Hamiltonians for the quark
and gluon sectors is very simple, the essence of the proce-
dure is clear and introduces a difference ranging from 7%
to 11% in the decay rates. In future calculations an ap-
proach based on a Hamiltonian formulation, for example,
QCD in the Coulomb gauge [35–37], can replace some of
the unknown parameters by fundamental quantities, ex-
tracted from QCD.
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